PREPERIODIC POINTS AND UNLIKELY INTERSECTIONS 



MATTHEW BAKER AND LAURA DEMARCO 

Abstract. In this article, we combine complex-analytic and arithmetic tools to 
study the preperiodic points of one-dimensional complex dynamical systems. We 
show that for any fixed a, b G C, and any integer d > 2, the set of c 6 C for which 
both a and b are preperiodic for z + c is infinite if and only if a d = b d . This 
provides an affirmative answer to a question of Zannier, which itself arose from 
questions of Masser concerning simultaneous torsion sections on families of elliptic 
curves. Using similar techniques, we prove that if rational functions <p,ip € C(z) 
have infinitely many preperiodic points in common, then all of their preperiodic 
points coincide (and in particular the maps must have the same Julia set). This 
generalizes a theorem of Mimar, who established the same result assuming that if 
and "0 are defined over Q. The main arithmetic ingredient in the proofs is an adelic 
equidistribution theorem for preperiodic points over number fields and function 
fields, with non-archimedean Berkovich spaces playing an essential role. 



1. Introduction 

1.1. Statement of main results. A complex number a is preperiodic for a poly- 
nomial map / £ C[z] if the forward orbit of a under iteration by / is finite. In this 
article, we examine preperiodic points for the unicritical polynomials, those of the 
form z d + c for a complex parameter c. The main result of this article is the following. 

Theorem 1.1. Let d > 2 be an integer, and fix a, b G C. The set of parameters c G C 
such that both a and b are preperiodic for z d + c is infinite if and only if a d = b d . 

One direction of Theorem |l.l| follows easily from Montel's theorem: if a d = b d 
then a is preperiodic for z d + c if and only if b is preperiodic, and the set of complex 
numbers c G C such that a is preperiodic for z d + c is always infinite (see ^3|. 
The reverse implication combines ideas from number theory and complex analysis, 
the main arithmetic ingredient being an equidistribution theorem for points of small 
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height with respect to an adelic height function (see £2.3 below for details). When a 
and b are algebraic, the equidistribution in question takes place over C, but in the 
transcendental case, we require an equidistribution theorem which takes place on the 
Berkovich projective line^j P^rk k over some complete and algebraically closed non- 
archimedean field K. The idea is to think of the field k = Q(a) C C as the function 
field of P^, and to consider the distribution of the preperiodic parameters c Ek inside 
a collection of non-archimedean Berkovich analytic spaces, one for each completion 
of k. 



Our method of proof also provides an analog of Theorem LI in the dynamical 
plane, which we state in the more general context of rational functions. For a rational 
function ip £ C(z), let Preper(<y?) denote its set of preperiodic points in P 1 (C). 

Theorem 1.2. Let (p,ip £ be rational functions of degrees at least 2. Then 

Preper(<£>) fl Preper(^) is infinite if and only z/Preper(y?) = Preper(^>). 

As a consequence, we have: 

Corollary 1.3. Let (p,ip £ C(z) be rational functions of degrees at least 2 with Julia 
sets J(f) 7^ J{ip)- Then the set of points which are preperiodic for both ip and ip is 
finite. 



When <p and ip are defined over Q, Corollary |L3| is a special case of a result of Mimar 
[Mim97j . In this setting, the proof of Theorem 1.2 shows that infinite intersection of 
Preper(<£>) and Preper(^) implies equality of the canonical height functions h v and 
on P : (Q); this result is also proved in |PST09j . In particular, the measures of 
maximal entropy for the complex dynamical systems ip, ip : P 1 (C) — > P X (C) must 
coincide. For polynomials defined over a number field, we use a result of |KS07j to 



strengthen the conclusion of Theorem 1.2 see Theorem 5.7 



The transcendental case of Theorem |1.2[ which is handled using Berkovich spaces, 
is the main new ingredient. We again deduce that canonical height functions and 
are equal, only now they are defined over an appropriate function field. In the 
absence of an archimedean absolute value, we are not able to deduce automatically 
that the measures of maximal entropy coincide, only that ip and ip have the same set 
of preperiodic points. 



rem 



Yuan and Zhang recently (and independently) proved a generalization of Theo- 
to polarized algebraic dynamical systems of any dimension [YZ09J. Their 



1.2 



proof also makes use of Berkovich spaces and equidistribution. 



1 The Berkovich projective line FB erk K is a canonical compact, Hausdorff, path-connected space 
containing P 1 (if) as a dense subspace. It is for many applications the "correct" setting for non- 
archimedean potential theory and dynamics, see e.g. |Bak081 IBR101 IBenlOl ICCL101 ICL061 IFRL041 
IFEL06llRL03llThu05j . 
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The statements of Theorem 1.1 and Corollary 1.3 are false if "are preperiodic for" is 
replaced with "are in the Julia set of" . For example, for any two points a, b G (—2, 2), 
there is an infinite family of polynomials z 2 + c, with c G K descending to —2, with 
Julia sets containing both a and b (in fact, containing a closed interval in R increasing 
to [—2,2] as c — > —2). These same examples show that distinct Julia sets can have 
infinite intersections. Because of such examples, it seems hard to prove results such 



as Theorems |1.1| and |1.2| using complex analysis alone, without making use of some 
arithmetic information about preperiodic points. 

In principle, it should be possible to extend the methods of the present paper to 
other one-parameter families of rational maps on P X (C) and to allow the points a, b 
to depend algebraically on the parameter. The special case we consider in Theorem 
|l.l| allows us a characterization by the simple condition a d ^ b d . For more general 
one-parameter families {ft} and pairs a(t),b(t), a precise condition characterizing 
finiteness is not as clear to formulate, and the complex analysis becomes more delicate. 
However, most of the number-theoretic parts of our argument can easily be adapted 



to a more general setting. It would also be interesting to study analogs of Theorem |1.1 



for, say, an n-dimensional family of rational maps in which n+1 points are required 
to be simultaneously preperiodic. 



1.2. Motivation and historical background. The motivation for Theorem 1.1 
came from a topic of discussion at the AIM workshop "The uniform boundedness 
conjecture in arithmetic dynamics" in Palo Alto in January 2008. By analogy with 
questions due to David Masser concerning simultaneous torsion sections on families 
of elliptic curves, Umberto Zannier asked: 

Question 1.4. Is the set of complex numbers c G C such that and 1 are both 
preperiodic for z 2 + c finite ? 



Theorem |1.1| provides an affirmative answer to Question |1.4[ in analogy with the 
following recent theorem of Masser and Zannier: 

Theorem 1.5. [MZ08, MZ09J The set of complex numbers A ^ 0,1 such that both 
P\ = (2, a/2(2 — A)) and Q\ = (3, a/6(3 — A)) have finite order on the Legendre 
elliptic curve E\ defined by Y 2 = X(X — 1)(X — A) is finite. 



As in Theorem |1.1 , one shows fairly easily that there are infinitely many A such that 



either P\ or Q\ alone has finite order; however, in each case the set of such A is rather 
sparse (for example, it is countable), and imposing both torsion conditions at once 
makes the set of A finite. There is nothing special about the numbers 2 and 3; Masser 
and Zannier have announced that they can extend the main result of |MZ08} [MZ09J 
to much more general linearly independent 'sections' P\,Q\. 

As it stands, the proof of Theorem |1.1| is not effective (nor is the proof of The- 



orem 1.5), as we have no control over the number of parameters c for which two 
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points might be simultaneously preperiodic. For example, it is easily checked that 
and 1 are both preperiodic for z 2 + c when c G {0, —1, —2}. A straightforward 
computation with Mathematica shows that there are no other values of c for which 
/i £o) (0) = / c (mo) (0) and / c (£l) (l) = / c (mi) (l) with < < i t < 15 for i = 0,1 and 
£q + i\ < 20. Letting 5*0,1 denote the set of parameters c for which both and 1 are 
preperiodic, the following conjecture seems plausible: 

Conjecture 1.6. S 0A = {0,-1,-2}. 



1.3. Brief overview of the proof of Theorem 1.1 A key role in the proof of 



Theorem LI is played by certain generalizations of the famous Mandelbrot set. For 
a G C, let M a denote the set of all c G C such that a stays bounded under iteration of 
z d + c. When d = 2 and a = 0, M a is just the usual Mandelbrot set. See Figure [TJ We 
let /i a denote the equilibrium measure on M a relative to oo, in the sense of complex 
potential theory; by classical results, probability measure whose support is 

equal to dM a . 




Figure 1. At left, the Mandelbrot set M , and at right, the set Mi 
for the quadratic family z 2 + c. The images are centered at the same 
point; the shading indicates level sets of the Green's function. 



With this terminology in mind, an overview of the proof of Theorem 1A_ is as 
follows. Assume that there is an infinite sequence c\, C2, . . . of complex numbers such 
that a and b are both preperiodic for z d + c n for all n. 

Case 1: a, b are algebraic numbers. In this case, all c n 's must also be algebraic. Let S n 
be the discrete probability measure on C supported equally on the Galois conjugates 
of c n . Using the fact that a is preperiodic for each c n , an arithmetic equidistribution 
theorem based on the product formula for number fields shows that the measures S n 
converge weakly to the equilibrium measure /i a for M a on P 1 (C). By symmetry, the 
measures 5 n also converge weakly to fib- Thus /i a = fib, which implies that M a = Mb. 



PREPERIODIC POINTS AND UNLIKELY INTERSECTIONS 



5 



A complex- analytic argument using Green's functions and univalent function theory 
then shows that a d = b d . (In the special case a = and 6 = 1 corresponding to 
Question 1.4, one can show directly that M ^ Mi; for example, i G M but i (jL M\. 
See Figure [I]) 

Case 2: a is transcendental. In this case, one can show that b is also transcendental, 
and that a, b, and all the c n 's are defined over the algebraic closure k of k — Q(a) in C. 
The field k is isomorphic to the field Q(T) of rational functions over the constant field 
Q, and in particular k has a (non-archimedean) product formula structure on it. An 
arithmetic equidistribution theorem based on the product formula for function fields, 
together with the assumption that a is preperiodic for each c n , shows that for every 
place v of k, the f-adic analogue of the measures 5 n above converge weakly on the 
Berkovich projective line P^rki* over ^« to a probability measure whose support is the 
v-adic analogue M a<v C Pg erk v of M a . (Here C„ denotes the completion of an algebraic 
closure of the f-adic completion k v .) By symmetry, it follows that M a>v = M^ )V for 
all places v oik. A theorem of Benedetto implies that for every cGfc, and hence for 
every complex number c, a is preperiodic for z d + c if and only if b is. We deduce 
using Montel's theorem that M a = Mj,, and finish the argument as in Case 1. 



2. Potential theory background 

In this section we discuss some results from potential theory which are used in the 
rest of the paper. 

2.1. Complex potential theory. Let E be a compact subset of C. The logarithmic 
capacity 'j(E) of E relative to oo is e~ v<yE \ where 

(2.1) - log 7(E) = V{E) = inf // - log \x - y\ dv{x) du(y). 

v JJexe 



The infimum in (2.1) is over all probability measures v supported on E. If 'y(E) > 
(equivalently, V(E) < oo), then there is a unique probability measure he which 
achieves the infimum in (2.1), called the equilibrium measure for E. The support of 
/ie is contained in the "outer boundary" of E, i.e., in the boundary of the unbounded 
component Ue of C\E. 

If •y(E) > 0, the Green's function Ge is defined by 



Ge(z) 



V(E)+ / log \z - w\ d/i E (w); 
Je 



it is a nonnegative real-valued subharmonic function on C. The following facts are 
well known; we include some proofs for lack of a convenient reference. 

Lemma 2.2. Let E be a compact subset of C for which 'j(E) = e~ v ^ > 0, and let 
U be the unbounded component ofC\E. Then: 
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(1) Ge(z) = V(E) + log \z\ + o(l) for \z\ sufficiently large. 

(2) If G : C — > K is a continuous subharmonic function which is harmonic on U , 
identically zero on E, and such that G(z) — log 4 " \z\ is bounded, then G = Ge- 

(3) If Ge{z) = for all z G E, then Ge is continuous on C, Supp/i^ = dU, and 
Ge{z) > if and only if z G U . 

Proof. Assertion (1) is |Ran95| Theorem 5.2.1]. 

For (2), first note that is continuous at every point q G E where Ge{o) = 0. 
Indeed, Ge is upper semicontinuous and bounded below by zero, so 

(2.3) < liminf G E {z) < limsupGs^) < G E {q) = 0. 

z^l z^q 

By Frostman's Theorem ( |Ran95t Theorem 3.3.4]), Ge is identically zero on C\U 
outside a set e C dU of capacity 0, and hence the same is true for / := Ge~G. Since 
Ge is continuous on C\e and G is continuous everywhere, / is continuous outside e. 
And by assumption, / is harmonic and bounded on U. By the Extended Maximum 
Principle |Ran95j Proposition 3.6.9], we conclude that / = on U, and hence on 
C\e. Thus Ge(z) = G(z) for all z G C\e. Since e has measure zero by |Ran95[ 
Corollary 3.2.4], the generalized Laplacians A(Ge) and A(G) coincide. Since Ge and 
G are both subharmonic on C, it follows from Weyl's Lemma |Ran95t Lemma 3.7.10] 
that / is harmonic on all of C. Since / is also bounded, Liouville's Theorem |Ran95[ 
Corollary 2.3.4] implies that / is identically zero. This proves (2). 



The continuity assertion in (3) follows from (2.3), and the rest of (3) follows easily 



from the Maximum Principle. □ 

2.2. Non-archimedean potential theory. In [BRIO] (see also |FRL06| IThu05] ) . 
one finds non-archimedean Berkovich space analogs of various classical results from 
complex potential theory, including a theory of Laplacians, harmonic functions, sub- 
harmonic functions, Green's functions, and capacities. These results closely parallel 
the classical theory over C. For the reader's convenience, we give a quick summary 
in this section of the results from [BRIO] which are used in the present paperj^] Al- 



though this theory is used heavily in the proofs of Lemma 2J3 and Theorem |2.8[ the 
reader who wishes to accept these results as "black boxes" does not need a detailed 
understanding of non-archimedean potential theory in order to understand the proof 
of Theorem 11.11 below. 



2 Amaury Thuillicr has independently developed non-archimedean potential theory on Pg crk K 
[Thu05| . and in fact his results are formulated in the context of arbitrary Berkovich curves, and 
without assuming that the field K is algebraically closed. Also, Charles Favre and Juan Rivera- 
Letelier [FRL041 IFRL06j have independently developed most of the non-archimedean potential the- 
ory needed for the present applications to complex dynamics; their work relies heavily on potential 
theory for E-trees as developed in the book by Favre and Jonsson [FJ04 . 
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Let K be an algebraically closed field which is complete with respect to some 
non-trivial absolute value | ■ |. The Berkovich affine line Ag erk = Ag erkX over K 
is a locally compact, Hausdorff, path-connected space containing K (with the given 
metric topology) as a dense subspace. As a topological space, Ag erkft: is the set of 
all multiplicative seminorms [-] x : K[T] — > M on the polynomial ring K[T] which 
extend the given absolute value on K, endowed with the weakest topology for which 
x | — > [f)x is continuous for all / G K[T]. The Berkovich projective line P^-kir can be 
identified with the one-point compactification of Ag erk K , with the extra point denoted 
oo. It is a consequence of the Gelfand-Mazur theorem that if K = C, then Ag erk c is 
homeomorphic to C (and PB erk is homeomorphic to the Riemann sphere P X (C)). When 
K is non-archimedean, however, there are infinitely many multiplicative seminorms 
x G A Bcrk K which do not come from evaluation at a point of K; for example, the Gauss 
point Ccauss e A BerkK corresponds to the seminorm [/] ?Gauss := sup^^^ \f(z)\. 

For the rest of this section, we assume that the absolute value on K is non- 
archimedean and non-trivial. If z G A Bcrk , we will sometimes write \z\ instead of 
the more cumbersome [T] z ; the function z h-> \z\ is a natural extension of the ab- 
solute value on K to Ag erk . Similarly, if / G K[T] we will sometimes write |/(^)| 
instead of [f(T)] z . 

There is a canonical extension of the fundamental potential kernel — log |x — y\ 

to 

-^Berk- ^ can defined as — \og5(x,y), where 8{x,y) (called the Hsia kernel in 
[BRIO] ) is defined as 

S(x,y) := limsup \z — w\. 

z,w£K 
z^x,w—>y 

Let E be a compact subset of Ag erk . The logarithmic capacity j(E) of E relative 
to oo is e~ v ( E \ where 

(2.4) - log 7 (E) =V(E) =inf // -]og6(x,y)dv(x)6v(y). 

v J J ExE 



The infimum in (2.4) is over all probability measures v supported on E. If ^y(E) > 



(equivalently, V(E) < oo), there is again a unique probability measure /j,e which 



achieves the infimum in (2.4), called the equilibrium measure for E relative to oo. 
The support of is contained in the outer boundary of E (the boundary of the 
unbounded component of A^ erk \E). 

If r f{E) > 0, the Green's function of E relative to infinity is defined by 

G E (z) = V(E)+ / log 5 (z,w) dfj, E (w); 
Je 

it is a nonnegative real- valued subharmonic (in the sense of |BR1Q[ Chapter 8] ) func- 
tion on Ag crk . For example, if E = T>(0, 1) is the closed unit disc in Ag erk , defined 
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as 

V(0,l) = {xeA 1 BeTk : |x|<l}, 

then 

Ge(z) = logmax{|^|, 1}. 



The following is the non-archimedean counterpart of Lemma 2.2 



Lemma 2.5. Let E be a compact subset of Ag erk for which 'y(E) = e V ^ E ' > 0, and 
let U be the unbounded component of A Bcrk \E. Then: 

(1) G E {z) = V{E) + log |2| for all z G Ag crk with \z\ sufficiently large. 

(2) If G : Ag erk — y M is a continuous subharmonic function which is harmonic 
on U , identically zero on E , and such that G(z) — log + \z\ is bounded, then 
G = Ge- 

(3) If Ge(z) = for all z G E, then Ge is continuous on Ag crk; Supp = dU , 
and Ge{z) > if and only if z G U. 

Proof. Assertion (1) follows from jBRlOl Proposition 7.37 (A7)], and (3) is jBRlOl 
Corollary 7.39]. 

For (2), note that by |BR10t Proposition 7.37(A4)], Ge is identically zero on 
Ag erk \£/ outside a set e C dU of capacity 0, and hence the same is true for / : = 
Ge — G. Since Ge is continuous on Ag ork \e by [B R101 Proposition 7.37(A5)] and G is 
continuous everywhere, / is continuous outside e. And by assumption, / is harmonic 
and bounded on U. By the Strong Maximum Principle |BR101 Proposition 7.17], we 
conclude that / = on U. Thus Ge(z) = G(z) for all z G Ag erk \e. 

Note that Ge is subharmonic on Ag erk by [BRIO, Example 8.9] and G is subhar- 
monic on Ag crk by assumption. Since e C P X (A^) by [BRIO} Example 6.3], and the 
Laplacian of a function on Pg erk depends only on its restriction to Pg erk \P 1 (i^) (see 
[BRlQj Remark 5.12]), we have A A i {Ge) = A^i {G). Since Ge and G are both 
subharmonic on Ag erk , have the same Laplacian, and agree on Ag erk \A^, it follows 
from [BRlOl Corollary 8.37] that G = G E on A^ crk . □ 

2.3. Adelic equidistribution of small points. In this section, we state the arith- 



metic equidistribution result needed for our proof of Theorem 1.1 In order to state 



the result (Theorem 2.8 below), we first need some definitions. 



Definition. A product formula field is a field k, together with the following extra 
data: 

(1) a set M. k of non-trivial absolute values on k (which we may assume to be 
pairwise inequivalent), and 

(2) for each v G A4k, an integer N v > 1 

such that 

(3) for each a 6 P, we have \a\ v = 1 for all but finitely many v G Aik, and 
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(4) every a G k x satisfies the product formula 

n = i- 

v£M k 

The most important examples of product formula fields are number fields and 
function fields of normal projective varieties (see [Lan83, §2.3] or [BG06, §1.4.6]). It 
is known (see |Art06l Chapter 12, Theorem 3]) that a product formula field for which 
at least one v G Aik is archimedean must be a number field. If all v G Adk are 
non-archimedean, then we define the constant field k of k to be the set of all a G k 
such that \a\ v < 1 for all v G Mk- By the product formula, if a G k is nonzero then 
in fact |a|„ = 1 for all v G Mk- 

Remark 2.6. Any finitely generated extension k of an algebraically closed field ko 
can be endowed with a product formula structure in such a way that the field of 
constants of k is ko (cf. |BG06| Lemma 1.4.10]). Indeed, every such field k can 
be (non-canonically) identified with the function field of a normal projective variety 
X/ko. Choosing such an X, one endows the function field with a product formula 
structure in which the places v G Mk (which are all non-archimedean) correspond to 
prime divisors on X. See [BG06, §1.4] for further details. 

Let be a product formula field and let k (resp. k sep ) denote a fixed algebraic 
closure (resp. separable closure) of k. For v G Mk, let k v be the completion of k at 
v , let k v be an algebraic closure of k v , and let C v denote the completion of k v . For 
each v G Mk, we fix an embedding of k in C v extending the canonical embedding of 
k in k v , and view this embedding as an identification. By the discussion above, if v 
is archimedean then C„ = C. For each v G Mk, we let f^ eT ^ v denote the Berkovich 
projective line over C v , which we take to mean P X (C) if v is archimedean. 

A compact Berkovich adelic set (relative to oo) is a set of the form 

E = Y[E V 

V 

where E v is a nonempty compact subset of Ag^^ = PBcrk,A{°°} f° r eacn v E A4k, 
and where E v is the closed unit disc £>(0, 1) in Ag erkl; for all but finitely many nonar- 
chimedean v G Mk- 

For each v G A4k, let j(E v ) be the logarithmic capacity of E v relative to oo; see 



(2.1) and (2.4). The logarithmic capacity (relative to oo) of a compact Berkovich 
adelic set E, denoted 7(E), is 

7(E) = n^)* • 

V 

We will assume throughout the rest of this section that 7(E) 7^ 0, i.e., that j(E v ) > 
for all v G Mk- 
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For each v G Aik, let G v : Ag erkt; — > R be the Green's function for E v relative to 
oo, i.e., G v (z) = Ge v {z). If S C k sep is any finite set invariant under Gal(fc sep //c), we 
define the height of S relative to E, denoted h E (S), by 



(2.7) h E (S) 



By Galois-invariance, the sum YjzgS G v ( z ) does not depend on our choice of an em- 
bedding of k into Cy. 

If z G /c sep , let Sjfe(2) = {zi,...,z n } denote the set of Gal(fc sep /fc)-conjugates of 
z over k, where n = [k(z) : k]. We define a function /i£ : fc sep — > R>o by setting 
h E {z) = h E (S k (z)). If = V(0,1) for all u G -M fc , then (^(z) = log+ \z\ v for all 
f G Affc and all z G /c sep , and /i£ coincides with the standard logarithmic Weil height 
h. 

Finally, we let fM v denote the equilibrium measure for E v relative to oo. We can 
now state the needed equidistribution result [BRIO, Theorem 7.52]: 

Theorem 2.8. Let k be a product formula field and let E be a compact Berkovich 
adelic set with 7(E) = 1. Suppose S n is a sequence of Gal(k sep /k) -invariant finite 
subsets of k sep with \S n \ — > 00 and h E (S n ) — > 0. Fix v G M.k, and for each n let S n 
be the discrete probability measure on P^rki; supported equally on the elements of S n . 
Then the sequence of measures {5 n } converges weakly to ji v on P^rk^- 



Remark 2.9. When k is a number field, a slightly weaker version of Theorem |2.8| is 
proved in |BR06] and a closely related result (which also generalizes Theorem 5.3 
below) is proved in |FRL06j . 



For concreteness, we explicitly state the special case of Theorem |2. 8 in which k is 



a number field and S n is the Gal(fc/fc)-orbit of a point z n G k (note in this case that 
h E (z n ) — > implies \S n \ — > 00 by Northcott's theorem): 

Corollary 2.10. Let k be a number field, and let E be a compact Berkovich adelic set 
with 7(E) = 1. Suppose {z n } is a sequence of distinct points of k with h E (z n ) —> 0. 
Fix a place v of k, and for each n let 5 n be the discrete probability measure on P^rk v 
supported equally on the Gal(k/k) -conjugates of z n . Then the sequence of measures 
{S n } converges weakly to ji v on PB erkt) . 

Remark 2.11. When k = Q and E is the trivial Berkovich adelic set (i.e., E v is the 



f-adic unit disc for all v), Corollary 2.10 is Bilu's equidistribution theorem |Bil97] for 
v archimedean, and it is Chambert-Loir's generalization of Bilu's theorem |CL06] for 
v non-archimedean. 

Remark 2.12. If k is a number field and 7(E) < 1, there are only finitely many z G k 
with hm(z) = 0; this follows from the adelic version of the Fekete-Szego theorem 
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proved in [BRIO} Theorem 6.28]. This observation helps explain the role played by 



the condition 7(E) = 1 in Theorem 2.8 and Corollary 2.10 



3. Generalized Mandelbrot sets 

Let K be an algebraically closed field which is complete with respect to a nontrivial 
(archimedean or nonarchimedean) absolute value. Fix an integer d > 2, and for c G K 
let f c (z) = z d + c. We denote by /i the n th iterate of f c . In this section, we introduce 
a family of generalized Mandelbrot sets, defined as the set of parameters c for which 
a given point z = a remains bounded under iteration. 

3.1. The archimedean case. If K — C, define the generalized Mandelbrot set M a 
for a G C by 

(3.1) M a = jc G C : sup |/ c (n) (a)| < 00 j . 

When d = 2 and a = 0, M a is the usual Mandelbrot set. It is clear that every 
parameter c G K for which a is preperiodic for z d + c is contained in M . See Figure 

We need some basic potential-theoretic properties of M a . The proofs follow the 
same reasoning as for the Mandelbrot set, but we provide some details for the reader's 
convenience. Recall that for each fixed f c , the Green's function for the filled Julia set 



^ c ={^:sup|/i n )(z)|<oo| 



of f c is given by the escape rate 

G c (z)= lim llog+|/W(z)|. 

n— >oo a 

These escape-rate functions are continuous in both c and z, and G c (z) = if and 
only if z G K c . In fact, as a locally uniform limit of plurisubharmonic functions, the 
function 

(c,z) ^ G c (z) 

is plurisubharmonic on C x C. For each fixed c there is an analytic homeomorphism 
4> c , defining the Bottcher coordinate w = <f> c (z) near 00, which satisfies cj) c (f c (z)) = 
(cf) c (z)) d and G c (z) = log |0 c (z)|. The map C sends the domain 

V c := {z G C : G c (z) > G c (0)} 

conformally to the punctured disk {w G C : \w\ > e Gc ^}. The Bottcher coordinate is 
uniquely determined if we require that C has derivative 1 at infinity. See for example 
pfaj . [CG931 §2.4], and [EHR8j . 
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Lemma 3.2. For each fixed a e C, we have G c (a d + c) > G c (0) for all c suffi- 
ciently large. Consequently, the value / c (a) lies in the domain V c of the conjugating 
isomorphism <fr c . 

Proof. The proof relies on a standard distortion theorem for univalent functions 
[Rud87| Theorem 14.14]: for any holomorphic function 



h(z) = z + a n 



n>2 



which is univalent on a disk of radius 1/r, we have \a 2 \ < 2r. The conjugating 
isomorphism <fr c satisfies <j) c (z) = z + 0(1 /z) for z near infinity. Let Ur denote the 
domain \\z\ > R] in the complex plane. Setting R c = e Gc<y0 \ the inverse function 
<K 1 : Ur c — > V c is univalent on Ur c , and it also has expansion (p~ 1 (z) = z + 0(1/ z). 
For any w ^ V c , consider the univalent function 

h w (z) = T7T1~\ = z + wz2 ^ 

We conclude that \w\ < 2R C , and therefore D U2R C - This argument appears in 
[BH881 §3]. 

In particular, since G c (w) = G c (0)/d and thus w ^ K for every io with / c (w) = 0, 
the critical point z = and all of its preimages (— c) l l d must lie in the closed disk of 
radius 2R C . Thus |c| < 2 d i?f. This implies that R c — > oo as c — > oo. 

Note that |0 c (c)| = -Rf- When c is large enough so that R d /2 > 2R C , we apply the 
same distortion estimate to conclude that 4>c(URd/2) ^ U R d, so |c| > Rf/2. It follows 
that for any fixed a, since R c — >■ oo with c, we have |a d + c| > R d /2 — |a| d > 2R C for 
all sufficiently large c. Thus / c (a) = a d + c lies in V c and has escape rate G c (a d + c) > 
G c (0). □ 

Proposition 3.3. For eac/i a e C, £/ie generalized Mandelbrot set M a satisfies: 

(1) M a zs a compact and full subset ofC; 

(2) the function G a (c) := G c (a d + c) defines the Green's function for M a and 
satisfies G a (c) = for all c G M a ; 

(3) £/ie function $ a (c) := c (a a! + c) defines a conformal isomorphism in a neigh- 
borhood of infinity, and it is uniquely determined by the conditions G a (c) = 
log | $ a (c) | and $' a (oo) = 1; 

(4) the logarithmic capacity is j(M a ) = 1; and 

(5) the support of the equilibrium measure fiM a on M a is equal to the boundary 
dM a . 

Proof. The set M a is closed because M a = {c : G c (a) = 0} and (c, z) h-> G c (z) is 
continuous. It is bounded by Lemma |3]2 for all sufficiently large c, the escape rate 



of a is positive and therefore fi n \a) — » oo. The maximum principle applied to the 
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subharmonic function c i— > G c (a) implies that M a is full (meaning that its complement 
is connected), completing the proof of statement (1). 
The conjugating isomorphisms C satisfy 



oo 

Z 



n 1+ 



l/d n+1 



on their domains {z : G c (z) > C7 C (0)}; see |DH84j or |CG93l §VIII.3]. By Lemma 



3.2, the function $ a (c)/c = (fi c (a d + c)/c can be expressed by this infinite product 
for c near infinity. The terms in the infinite product each tend to 1 as c — > oo, so 
(setting $ a (oo) = oo) we conclude $„(oo) = 1. In particular, $ a defines a conformal 
isomorphism in a neighborhood of infinity. 

The Green's function G c for the filled Julia set K c satisfies G c (z) = log |0 C (- 2; )| where 
defined. The function G a (c) = G c (a d + c) therefore satisfies G a (c) = log|$ a (c)| = 
log |c + 0(1)| = log |c| + o(l) for all c large. Furthermore, G a is harmonic onC\ M a , 
as a locally uniform limit of the harmonic functions c i— >■ G n (c) = d~ n log | f^ (a d + c) | , 
and G a (c) = if and only if c G M a \ we conclude that G a is the Green's function for 
M a . The conditions stated in (3) clearly determine $ a uniquely near oo. Statement 
(4) follows because G a (c) = log |c| + o(l) near infinity. 



Finally, statement (5) follows from Lemma 2.2, because M a is full. □ 
Fix a degree d > 2. For each a G C, define 



Preper(a) := {c G C : a is preperiodic for z d + c} 



Combining Proposition 3.3 with Montel's theorem, we obtain: 



Theorem 3.4. For each degree d > 2 and any a, b G C, i/ie following are equivalent: 

(1) M a = M b 

(2) // Ma = /ij\4 

(3) a d = b d 

(4) Preper(a) = Preper(6). 

Proof. First suppose that a d = b d . Then for every c, we have / c (a) =a a! + c = 6 d + c = 
/ c (6), so a is preperiodic for / c if and only if b is preperiodic for f c . Thus (3) implies 
(4). 

Now assume (4) and consider the sequence of functions g n (c) := fc n \a). This se- 
quence forms a normal family except on the boundary dM a . Consider the holomorphic 
functions hi(c) = a and /12(c) = a d + c. First note that a d + c = a implies that a is a 
fixed point for f c , so c = a — a d G Preper(a) C M a . Now fix an open set U intersecting 
dM a which does not contain the parameter c = a — a d , so the images of hi and /i2 are 
distinct throughout U . Then by Montel's theorem, the failure of normality of {g n } 
implies that the image of g n must coincide with that of h\ or h2 for some n and some 
c G U . In particular, there is an iterate n so that either /c (a) = a or /c (a) = /c(o); 
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we conclude that the set U must intersect Preper(a). Consequently, the boundary 
dM a is contained in the closure of Preper(a). As Preper(a) C M a by definition and 



M a is a full set by Proposition 3.3 (1), the assumption Preper(a) = Preper(fr) implies 
that M a = M b , i.e., (4) implies (1). 

Assume that M a = M b . Clearly the equilibrium measures coincide, so fiM a = ^M b ^ 
giving (1) ==>- (2). Conversely, the support of jj,M a is equal to the boundary dM a , 
so again using the fact that M a is a full set we conclude that (2) implies (1). 



Finally, if M a = M b , then by Proposition 3.3 (3) the uniformizing maps $ a and 
$b coincide on a neighborhood of infinity. In other words, for all large c, we have 
(a d + c) = (j) c (b d + c). The conjugating isomorphisms cj) c are injective, so we conclude 



that a d + c = b d + c. This shows that (1) implies (3), completing the proof. □ 



The following simple statement is used for one implication of Theorem 
Lemma 3.5. For each a G C, the set Preper(a) is infinite. 



Proof. From Proposition 3.3, the set M a has capacity 1, so its boundary cannot be 



a finite set. From the proof of Theorem 3.4, the boundary dM a is contained in the 



closure of Preper(a), so the set Preper(a) must contain infinitely many points. □ 

Note that if a G Q, then the set Preper(a) is a subset of Q with bounded Weil 
height (since 7tM a (c) = for all c G Preper(a) and the difference h — hM a is bounded). 



It is thus a rather "sparse" set (compare with the discussion following Theorem |1.5 
above) . 

3.2. The non-archimedean case. If K is a non-archimedean field, one can define 
M a C Ag erkX similarly and prove basic potential-theoretic statements about M a . 

Let g n {T) = f^ l \a); this is a monic polynomial in T of degree gP -1 which depends 
on a G K. Define 

(3.6) M a := |c G A^ elkK : sup \g n (c)\ < oo 

where [-] c is the multiplicative seminorm on K[T] corresponding to c G Ag erkX and 
|<7n(c)| is shorthand for [g n (T)] c . (Note that for c G K, we have [g n (T)] c = \g n (c)\ = 
l/i n) (a)|.) 

Proposition 3.7. For each a G K , 

(1) the boundary of M a coincides with the outer boundary in Ag erkK , and it is 
equal to the support of \iu a / 

(2) the logarithmic capacity 7(M a ) is equal to 1; and 

(3) the Green's function for M a relative to oo is at all points of M a . 

Proof. Fix a G K, and for c G Ag crk define 

(3.8) G a (c) := lim -^log+ |<? n+ i(c)|. 

ri— »oo CL 
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Note that for c G K, we have 

1 



GJc) 



lim 



log + = lim - log+ \f^(a d + c 

n— >oo (X 



which is the same formula we used to define G a over C. 



The limit in (3.8) exists for all c G Ag crk : if c G M a , then the limit is zero, while 
if c ^ M a , then the sequence ^ log 4 " |(?( n+ i)(c)| is eventually constant. Indeed, if 
c G' M a then the sequence |g n (c)| is unbounded so there exists N = N(c) such that 
|<7n( c )| > max{l, |c|d} for n > N. By the ultrametric inequality, for c G K and n > N 



we have 



\g n +i{c)\ = \g n {c) d + c\ = \g n {c)\ d > 1, 



and since K is dense in Ag erk the equality |p n+1 (c)| = \g n (c)\ d holds more generally 
for all c G Ag erk \M a . Thus the sequence log + |^( n+ i)(c)| is constant for n > N. 

Claim 1: i log + |gr n+ i(c)| converges to G a (c) uniformly on compact subsets of 
Ag crk (as functions of c). 

To see this, one can employ essentially the same argument as in the archimedean 
case ([BH88J Proposition 1.2]; compare with [BRIO, §10.1]). Briefly, fix a compact 
set E C Ag erk . Then there is a constant C > 0, depending only on E, such that 



[T + z a 



for c G E and \z\ > C. Thus there are constants C\,C2 > 



(depending only on E) such that for z G K and c G E, 

Ci max(l, < max(l, [T + z d ] c ) < C 2 max(l, \z\ ). 

Taking logarithms, iterating, and multiplying by d shows that there is a constant 
C > (depending only on E) such that for each fixed a G K, 



d> 



log + |^n+l(c) 



dp 



^log + |p„(c) 



< 



d n ' 



A telescoping series argument now gives the desired uniform convergence on E: 



1 



E 



d" 



< 



E 

m>n 



E_ 



C" 



-l c 



T log |</ m (c)| 



proving Claim 1. 

Claim 2: C7 a is the Green's function for M a relative to oo. 

Indeed, G a is harmonic on U a := Ag crk \M a by [BRIO} Example 7.5] and [BRIO} 



Proposition 7.31], since on U a the function G a is the limit of the harmonic functions 
log |p n+ i(c)|. Moreover, since the sequence of continuous subharmonic functions 
4: log 4 " |(? n+ i(c)| converges uniformly to G a on compact subsets of Ag erk , it follows 
from |BR1Q[ Proposition 8.26(C)] that G a is continuous and subharmonic on Ag erk . 



16 



MATTHEW BAKER AND LAURA DEMARCO 



In addition, G a is zero on M a , and for |c| > max{l, \a\ d } we have G a (c) = log + |c|. 



Claim 2 therefore follows from part (2) of Lemma 2.5 



Assertion (3) is now immediate, and assertions (1) and (2) follow from parts (3) 

□ 



and (1) of Lemma 2.5, respectively. 



3.3. Global generalized Mandelbrot sets. Let A; be a product formula field, and 
fix a G k. For each v G A4k, define M a>v C Ag erkCu following the local recipes above. 
Recall that Ag crk c = C if v is archimedean. Define a compact Berkovich adelic set 
M a by 

M a := {M a , v }, 



observing that M a>v = 22(0,1) whenever \a\ v < 1. Propositions 3.3 (4) and 3.7 (2) 



imply that the global capacity 7(M ) is equal to 1. Moreover, for each v G Aik the 
local Green's function Gif v : Ag crk — > IR>o is continuous, with GM a , v ( z ) = if and 
only if z G M av . 



If S C k is any finite set invariant under Gsl(k/k), then following (2.7) the height 
of S relative to M a is given by 



(3.9) 



hM a (S) 



v£M k V 1 zes J 



Remark 3.10. The adelic height function attached to the usual Mandelbrot set ap- 
peared previously in |BH05j and [FRL06J. 



3.4. The function field setting. For later use, we recall a result of Benedetto 
and note its relevant consequences. Let k be an abstract function field, by which 
we mean a product formula field for which all v G Aik are no n- archimedean. A 
polynomial ip G k[T] is called trivial over k if it is conjugate (by an invertible linear 
map T I—)- aT + (3 defined over k) to a polynomial defined over the constant field of 
k. 

Theorem 3.11. |Ben05] Let k be an abstract function field. If ip G k[T] is not trivial 
over k, then a G k is preperiodic for ip if and only if a belongs to the v-adic filled 
Julia set of ip (i.e., a stays v-adically bounded under iteration of ip) for all v G M.^. 

Remark 3.12. If k is a number field, then it is well known and follows easy from 
Northcott's theorem that a G k is preperiodic for ip if and only if a belongs to the 
f-adic filled Julia set of ip for all v G M.k- But if k is an abstract function field and 



ip G k[T] is trivial over k, then it is easy to see that the conclusion of Theorem 3.11 
fails, since every element of the constant field k of k stays f-adically bounded for all 
v but not every element of ko is preperiodic. 



PREPERIODIC POINTS AND UNLIKELY INTERSECTIONS 



17 



Corollary 3.13. Let k be an abstract function field of characteristic zero such that 
every field k v for v G M. k also has residue characteristic zero, and fix a,c G k with c 
not in the constant field k of k. Then the following are equivalent: 

(1) a is preperiodic for the iteration of f c {z) = z d + c. 

(2) c is contained in M a v for all v G M.k- 

(3) h Ma (c) = 0. 



Proof. By the discussion at the beginning of £3.3, we have h-^ a {c) = if and only 
if c is contained in M a}V for all v G M.k- We claim that z d + c is not trivial over k. 
Assuming the claim, Benedetto's theorem implies that a is preperiodic for f c if and 
only if a belongs to the f-adic filled Julia set of f c for all v G Aik- The desired result 
follows, since by definition, a belongs to the f-adic filled Julia set of f c if and only if 
c G M a>v . 

To prove the claim, suppose for the sake of contradiction that c G" &o and az + (5 
conjugates z d + c into a polynomial defined over ko- Then that conjugate is 

(3.14) -(az + /3) d +-(c-(3)= a d ~ 1 z d + ■■■ + d^z + - + - ^ G Uz}. 
a a a 



Since c k Q , there exists v G Aik such that \c\ v > 1. By (3.14) and our assumptions on 
k, we have \a\ v = 1 and [d^'X = \(3\ d ~ l < 1, hence \p\ v < 1. Thus \c + (3 d -(3\ v > 1 



by the ultrametric inequality, contradicting (3.14). □ 



4. Proof of Theorem 11.11 

We our now ready to give the proof of our main theorem. We also extract a stronger 
statement (Theorem 4.1) in the case where the points a and b are algebraic. 

4.1. The main theorem. Fix two points a and b in the complex plane and a degree 
d > 2. We aim to prove that the set of parameters c G C for which both a and b are 
preperiodic for f c (z) = z d + c is infinite if and only if a d = b d . 



Proof of Theorem 1.1 , First suppose that a = b . Then a is preperiodic for f c if and 
only if b is preperiodic for f c . From Lemma 3J3, the set of parameters c for which a 
is preperiodic is infinite. 

Now fix a and b in C, and assume that there is an infinite sequence ci, eg, . . . of 
distinct complex numbers such that a and b are both preperiodic for z d + c n for all n. 

Case 1: a, b G Q. 

In this case, c„ must be algebraic for all n. Indeed, let g m (c) = fc m \a); this is 
a monic polynomial in c of degree d 171 ^ 1 with coefficients in the number field k : = 
Q(a) C Q. Since a is preperiodic for f c „(z) (n = 1,2,...), there exist integers 
£ > m > 1 (depending on n) such that gt{c n ) = g m (c n ). Thus c n is a root of the 
nonzero polynomial ge(z) — g m (z) G Q[z], and hence c n G k for all n. Further, we 
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see that a is also preperiodic for all Gal(/c/A;)-conjugates of c n , and we deduce that 
hM a {.Cn) = for all n. 

Let S n be the discrete probability measure on C supported equally on the Gal(k/k)- 
conjugates of c n . By Corollary |2. 10| the measures 5 n converge weakly to the probability 
measure [iu a (the equilibrium measure relative to oo for the set M a ) on P 1 (C). By 
symmetry, the measures 5 n also converge weakly to f/,M b . Thus /iM a — ^M b - By 



Theorem 3.4, we conclude that a d = b d . 



Case 2: a is transcendental. 

In this case, b is also transcendental, as otherwise each c n would be algebraic, 
contradicting the transcendence of a. In fact, the values a, b, and c n for all n are 
defined over the algebraic closure k of k = Q(a) in C. Indeed, for each n there exist 
integers £ > m > 1 such that c n is a root of the nonzero polynomial gi[z) — g m (z) G 
k[z], and hence c n G k for all n. Moreover (setting c = c n for any n), there exist 
i > m > 1 such that b is a root of the nonzero polynomial fc (z) — fc m \z) G k[z], 
and hence b G k as well. 

Since a is transcendental, the field k = Q(a) is isomorphic to the field Q(T) of 
rational functions over Q, and in particular k can be viewed as a product formula 



field with Q as its field of constants (cf. Remark 2.6). Since a is preperiodic for 
f Cn (z), we have /im q (c„) = for all n. Fix a place v G M.ki let C„ be the completion 
of an algebraic closure of the u-adic completion k v , and identify k with a subfield of 
C v . Let T m be the set of Gal(/c//c)-conjugates of c m G k, and define 

n 

S n = T m . 

771=1 

Then S n is a Gal(/c//c)-stable subset of k, /iM a (c) = for every c G 5"^, and | *S' ri | — y oo 
as n — > oo. Let 5 n be the discrete probability measure on the Berkovich projective 
line PeerkTi over ^ supported equally on the elements of S n . Let M a t , C Pecrku b e the 



v-adic generalized Mandelbrot set corresponding to a (cf. (3.6)). By Theorem 2.8 



the sequence S n converges weakly on PB erk „ to the equilibrium measure fiM a , v f° r M a>v 



relative to oo. Moreover, by Proposition 3.7, the support of fiM av 1S ec L ua l to dM t 



Applying the same reasoning to b, it follows by symmetry that M av = M^ v for 



all places v of k. Hence, by Corollary 3.13 for each fixed c G k, a is preperiodic for 



z + c if and only if b is preperiodic. Recall from the discussion at the beginning of 
Case 2 that if c G C and a is preperiodic for z d + c, then c G k. It follows that for 



every complex number c, a is preperiodic for z d + c if and only if 6 is. Theorem 3^ 
then implies that a d = b d , completing the proof of the theorem. □ 



4.2. Height bounds. In the case where a, b G Q, the proof of Theorem LI yields 
the following stronger result: 
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Theorem 4.1. Let a, b G Q with a d 7^ b d . Then there is a real number e > such 
that /iM a (c) + h-^ b (c) > e /or a// but finitely many c6 Q. 

Proof. If we assume that the result is false, then there exists a sequence c n of algebraic 
numbers such lim n _ 5>00 /iM a (c n ) = lini„^oo h M Ac n ) = 0. The proof now follows from 



the exact same argument as the proof of Case 1 of Theorem 1.1 □ 



4.3. Remark: non-arithmetic equidistribution. Fix a point a G C and let 
f c (z) = z d + c. It follows from the arguments in |DF08j (specifically the proof of 
their Theorem 1) that the solutions c G C to equations 

weighted by multiplicity will equidistribute to the equilibrium measure HM a on dM a 
as n — > 00 for any sequence < k{n) < n. Thus, a sequence of complete sets of 
solutions to these equations will determine the measure [iM a - This would give an 



alternate argument in the proof of Theorem under a much stronger hypothesis, 
treating the algebraic and transcendental cases simultaneously. 

However, it should be noted that under this stronger hypothesis, we are able to 
determine the measure \i]$ a and the value of a d by more classical means, without need 
for equidistribution. By a straightforward argument using Montel's theorem (as in 
the proof of Theorem |3.4 ), we find that the parameters {c : /"(a) = fc^ n \a)} must 
accumulate everywhere on dM a as n — > 00. These parameters determine M a as a set, 
from which the measure /i a is determined by classical potential theory. The value of 



is then recovered from Theorem 3.4 



5. A VARIANT OF THEOREM 11.11 



For a rational function (p G C(z), let Preper(yj) denote its set of preperiodic points 
in the Riemann sphere C. Our goal in this section is to prove Theorem 
statement we recall: 



1.2 



whose 



Theorem. Let ip, ip G C(z) be rational functions of degrees at least 2. Then Preper(<^)n 
Preper (ip) is infinite if and only if Preper(</>) = Preper(?/>). 



We conclude this section with the proof of Corollary 1.3[ and we state two further 



consequences of the proof of Theorem 1.2| (Theorems 5.7 and 5.9). 



5.1. Equidistribution. The main references for this section are |BR06J and [BRIO} 

Chapter 10]; see also [FRL06j . Let A; be a product formula field, and let (p G k(T) be 
a rational function of degree d > 2. Associated to ip is the Call- Silverman canonical 
height function h v : P X (A;) — > lR>o- If A; is a number field, then a point P G P 1 (fc) is 
preperiodic for (p if and only if h^P) = 0. In general, things are a little more subtle; 
see Theorem I5J5J below. 
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For each v G Mk, the u-adic Arakelov- Green function of <p is a function 

that takes the value +00 on the intersection of the diagonal with P 1 (C„) and is finite- 
valued elsewhere. There is also a canonical probability measure /i^ on P Berk „; when 
v is archimedean /i^ is the measure of maximal entropy for (p on P 1 (C) studied in 
|Lyu83| , |FLM83j . Each of and g (PjV (x,y) determines the other by the equation 

(5.1) A x g VtV (x, y) = ^ v - 5 y 

for every fixed y G P^rkD' where g is normalized so that 



y) dn V)V (x) dn^ v (y) = 0. 



Berk,!? '^"^Bcrk.t' 



(The Laplacian in (5.1) is the negative of the one studied in [BR10J.) Moreover, for 



all x, y G P 1 (A;) with i^t/we have 

(5.2) K( x ) + K(v)= ^2 n *9<p,v( x >v)- 

veMk 



If v is archimedean, it is well known that Supp(/i V)V ) is equal to the complex Julia 
set of if. For v non-archimedean, the Berkovich Julia set of (p is defined in |BR10[ 
Chapter 10] to be the support of fi V)V . This turns out to be equivalent to several 
other, more topological, characterizations of the Berkovich Julia set. 

If S is a finite subset of P 1 (/c sep ) which is stable under Gal(/c sep /k), we define 

1^1 Pes 

The following equidistribution theorem was proved independently by Baker-Rumely 
[BR06J, Chambert-Loir |CL0 6], and Favre-Rivera-Letelier [FRL06J in the number 
field case. For the present formulation in terms of an arbitrary product formula field, 
see jBRlOl Theorem 10.24]. 

Theorem 5.3. Let k be a product formula field, and let if G k(T) be a rational 
function of degree d > 2. Suppose S n is a sequence of Gal(k sep /k) -invariant finite 
subsets of k sep with \S n \ — > 00 and h\p(S n ) — >■ 0. Fix v G M. k , and for each n let S n 
be the discrete probability measure on ^B erkv supported equally on the elements of S n . 
Then the sequence of measures {5 n } converges weakly to /i^y on PB erkj „- 
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5.2. Isotriviality. Let k be an abstract function field; see £3.4 for the definition. A 
map if G k(T) of degree d is said to have good reduction at v E Aik if ip = f/g for 
some f,g G C\,[T] whose reductions f,g are polynomials in k v [T] with no common 
roots in any algebraic closure of k v and such that at least one of /, g has degree d. 
(Here O v denotes the valuation ring of k v , and k v its residue field.) 

The following result is proved in [BakOQj ; the equivalence of (2) and (3) is due 
originally to Rivera-Letelier and another proof of the equivalence of (1) and (2) can 
be found in |PST09j . 

Proposition 5.4. Let k be an abstract function field, and let <p G k(T) be a rational 
map of degree at least 2. Then the following are equivalent: 

(1) ip is defined over the constant field of k 

(2) ip has good reduction at every v G Mk 

(3) The canonical measure n ViV is a point mass supported at the Gauss point of 
F LrM for allveM k . 

Assume now that the constant field of k is algebraically closed. A rational map if G 
k(T) is called isotrivial over k if it is conjugate, by a linear fractional transformation 
defined over k, to a rational map defined over the constant field of k. The following 
result is also proved in [Bak09j: 

Theorem 5.5. Let k be an abstract function field with an algebraically closed field of 
constants. If ip G k(T) is a rational map of degree d>2 which is not isotrivial, then 
a point P G ¥ 1 (k) satisfies htp(P) = if and only if P is preperiodic for if. 

Modulo the assumption that the constant field of k is algebraically closed, The- 
orem 5.5 is a generalization of Theorem 3.11 See |CH08a| ICH08b| for a higher- 



dimensional generalization of Theorem 5.5 (which also does not require the assump 



tion that the constant field of k is algebraically closed). 

5.3. Preperiodic points for rational functions. We can now give the proof of 
Theorem 11.21 

Proof of Theorem \1.2\ First note that the set of preperiodic points of a rational func- 
tion of degree > 2 is always infinite; see |Bea91l §6.2]. Therefore, the equality 
Preper(^) = Preper(?/>) clearly implies that the intersection is infinite. It remains 
to prove the reverse implication. 

Suppose there is an infinite sequence a n of complex numbers which are preperiodic 
for both f and ip. 

Case 1: (p,ip G Q(T). 

In this CcLSG, (Xfi IS algebraic for all n. Let k be a number field over which both if 
and ijj are defined. Fix a place v of k and let S n be the discrete probability measure 



on P 1 (/c„) supported equally on the Gal(A;/A;)-conjugates of a n . By Theorem 5.3, the 
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sequence 5 n converges weakly on ^ x Berkv to both /jl^ and (i^, )V , hence fi VjV = fi^ )V . By 



(5.1), we therefore have g^,, v (x,y) = g^, v (x,y) for all v G M k and all x, y G ^B erk . 



From the identity (5.2), it follows (letting y = a n for some n, so that h^y) = h^(y) = 
0) that h<p{x) = hqix) for all x G P 1 ^). As all preperiodic points lie in k, we may 
conclude that Preper(<^) = Preper( , 0). 

Case 2: Neither (p nor ip is conjugate to a rational map defined over Q. 

In this case, all Ojji S £1X6 defined over k, where k is the finitely generated field 
extension of Q generated by the coefficients of (p and ip. Equip k with a product 



formula structure as in Remark 2.6 Let T m be the set of Gal(/c//c)-conjugates of a Ti 
and set 



(5.6) S n ={jT n 



m=l 



For each v G Mk, let 5 n be the discrete probability measure on PB erkt) supported 
equally on the elements of S n . By Theorem |5.3 the sequence S n converges weakly on 



Pg erk ^to both fi v ^ v and hence = fi^ tV for all v G M.k- From equations (5.1) 



and (5.2), we deduce that the height functions h v and h$ must coincide on P 1 (fc). 
By ass umption, neither ip nor if) is conjugate to a map defined over Q. By The- 
a point x G P 1 (fc) is preperiodic for (p (resp. ip) if and only if hAx) = 



5.5 



orem 

(resp. hip(x) = 0). We conclude that <p and ip have the same set of preperiodic points 
in k, and therefore the same set of preperiodic points in C. 

Case 3: <p is conjugate to a rational map defined over Q. 

Replacing tp by a conjugate, we may assume without loss of generality that <p is 
defined over Q. We claim that (in these new coordinates) ip is defined over Q as well, 
so that we are back in Case 1. 

As in Case 2, all a n 's are defined over k, where k is the finitely generated field 
extension of Q generated by the coefficients of <p and ip. We may assume that fc/Q 
is transcendental, since otherwise we're done. So as in Case 2, k can be endowed 
with a product formula structure with respect to which all places v G A4k are non- 
archimedean and the constant field of k is Q. For each v G Aik, let S n be the discrete 
probability measure on PB cr kt; supported equally on the elements of S n , where S n is 



defined as in (5.6). By Theorem 5.3, the sequence 5 n converges weakly on P^rkD t° 
both fj>tp t v and Htp jV i hence = f^ip t v 

for all v G Mk- 

Since ip is defined over the constant field Q of k, ip has good reduction at every 
v G M. k - Equivalently, n V)V is a point mass supported at the Gauss point of P^rk^ 



for all v G M.k- As fx^ jV = fj,^ }V for all v G Ai k , we deduce from Proposition 5.4 that 



ip has good reduction at every v G Ai k and hence is defined over the constant field 
Q of k, as claimed. □ 
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5.4. Shared Julia sets and further consequences. Corollary 1.3 states that if 
rational functions ip and ip have infinitely many preperiodic points in common, then 
they must have the same Julia set. 



Proof of Corollary 1.3 Assume that ip and ip each have degree > 1 and that they 



have infinitely many preperiodic points in common. From Theorem 1.2, they share 
all of their preperiodic points. 

It is well known that repelling periodic points are dense in the Julia set J(<p) (see 
|Mil99l Theorem 14.1]), so clearly J(p>) C Preper(^). Furthermore, the Julia set has 
no isolated points by |Mil99[ Corollary 4.11], so every point of J(p>) is an accumulation 
point of Preper(<^). On the other hand, preperiodic points form a discrete subset of 
the Fatou set (see |Pet08l Proposition 2] for a proof). We conclude that the Julia set 
of a rational map ip of degree at least 2 is equal to the set of accumulation points of 
Preper (ip). From the equality Preper(p) = Preper(^), we may therefore deduce that 
J(p) = J(i>). ... ^ 

Much is known about rational functions in one complex variable which share the 
same Julia set; see for example |Bea90] (for the polynomial case) and [LP97] . For 
example, if <p(z) = z 2 + c and ip(z) = z 2 + d with c ^ d, then tp and ip have distinct 
Julia sets; see |Bea90l §4] . For polynomials defined over a number fielcj^, we use |KS07t 
Corollary 25] (which is itself based on the classification in |Bea90] ) to strengthen the 
conclusion of Theorem 11.21 

Theorem 5.7. Let ip,ip £ Q[z] be polynomials of degrees at least 2 with algebraic 
coefficients, and fix an embedding of Q into C. Then the set of points which are 
preperiodic for both ip and ip is infinite if and only if there are positive integers m, n 
and a linear fractional transformation A defined over Q such that <p := A _1 <^A and 
ip := X~ 1 ip\ satisfy one of the following: 

(1) (p(z) = z n and ip(z) = f]z m for some root of unity rj. In this case J(<p) = J(ip) 
is the complex unit circle. 

(2) ip(z) = ±T n (z) and ip(z) = ±T m (z), where T n (z) is the n th Tchebycheff poly- 
nomial. In this case J(<p) = J(ip) = [— 2,2]. 

(3) J(<p) = J(ip) has a Euclidean symmetry group which is cyclic of order k 
( consisting of rotations about the origin in C) and there are k th roots of unity 
rji and r]2 and a polynomial 7 G Q[z] such that rji<p(z) and rj2ip(z) are both 
iterates of '7. 

Proof. If tp, ip are defined over a number field k and p, ip have infinitely many prepe- 



riodic points in common, then the proof of Theorem 1.2 shows that fi VjV = jjL^, v for 



all places v of k and hence that h v = h^. Combined with |KS07[ Corollary 25], this 



proves Theorem 5.7 □ 



3 See |GTZ10l §3] for a recent generalization to polynomials with arbitrary complex coefficients. 



24 



MATTHEW BAKER AND LAURA DEMARCO 



Remark 5.8. If (p, ip G C(T) are Lattes maps coming from multiplication by 2 on 
the elliptic curves E, E ; , respectively, then (p and ip have infinitely many preperiodic 
points in common if and only if E and E' are isogenous. This follows from |BT05[ 
Proof of Lemma 3.7]. 



If we replace the sequence a n of preperiodic points in the proof of Theorem L2 
with a sequence of points such that lim^oo h v (a n ) = lim^oo h^(a n ) = 0, these 
observations also prove the following result: 

Theorem 5.9. Let(p,tp 6 Q(T) be rational functions of degree at least 2, and assume 
that the canonical height functions h v and on P X (Q) are distinct. (This will be true, 
in particular, if the complex Julia sets of if and ip are distinct for some embedding of 
Q into C) Then there is a real number e > such that h ip (a) + h^(a) > e for all but 
finitely many a e Q. 
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